This work reports on a recent advancement in three-dimensional dislocation dynamics modelling. A method is presented for the treatment of dislocation image stresses resulting from the presence of nearby traction-free surfaces. The image stress-field of a dislocation segment below a finite-sized free surface is obtained by the distribution of N generally prismatic rectangular or square dislocation loops padding the area (the external bounding surfaces of the simulation box). The unphysical tractions created at surface collocation points by sub-surface crystal dislocations are annulled by proper determination of the loops' Burgers vectors. The image stresses on a dislocation segment are simply those stresses resulting from the surface loops. The accuracy can be improved by increasing the number of collocation points (i.e. surface loop density).
Introduction
There has been a great deal of interest in the literature with regard to treating the interaction of dislocations with nearby free surfaces. Several researchers have investigated different aspects of this problem and tackled it in different ways. Yoffe (1961) determined the elastic fields of a dislocation half-line terminating at a free surface of an isotropic elastic body for any angle of incidence and any Burgers vector. Groves and Bacon (1970) obtained the displacements of an infinitesimal dislocation loop of arbitrary orientation residing in a semi-infinite isotropic elastic medium. The elastic field of a closed finite or semi-infinite dislocation loop can thus be obtained by means of area integration using the results for the infinitesimal loop. Maurissen and Capella (1974a, b) have derived the stress fields of a dislocation segment (and half-line) parallel and perpendicular to a free surface of a semi-infinite isotropic medium, respectively. Comninou and Dunders (1975) found the elastic fields associated with an angular dislocation in an elastic isotropic half-space. They remark that the fields of any polygonal loop could be constructed by superposition using their results. For an arbitrary dislocation in an isotropic, homogenous half-space, Gosling and Willis (1994) have expressed the stresses as a line integral around the dislocation. For the special case of a dislocation half-line, the integral was evaluated analytically to yield closed form solutions for the stresses. These in turn can be used to find the stresses of a line-segment in the half-space. The aforementioned solution is rather difficult to use and implement. In this paper, we propose an alternative treatment. Finally, Lothe et al (1982) have developed an integral expression for the case of a dislocation terminating at the free surface of an anisotropic half-space. All the above references have dealt with straight dislocation lines (whether half-lines or dislocation line segments). What is more interesting and realistic of course is to deal with curved dislocations. Without going into detail, two of the last references can possibly be utilized to approximate a curved dislocation. Curved dislocations are important in dislocation dynamics (DD) simulations as discussed below.
Thus, one of the boundary conditions that DD simulators have recently been concerned with is that of traction-free surfaces in the case of a stand-alone computational box (Ghoniem and Sun 1999, Yasin et al 2001) . These references used the finite-element method (FEM) coupled with a DD code as a superposition problem to quantify the image stresses during the simulations. The main drawback of the FEM is the need to specify displacement BCs for obtaining a solution (even if these are not the most appropriate conditions). In addition, the FEM solves for the displacement as a primary variable, and the desired variable, in the simulations, i.e. stress, is a derived quantity, requiring a further step of spatial interpolation. The advantage of the FEM, however, is that it can apply to complex computational domains. An alternative to the FEM was offered by Fivel and Canova (1999) , who treated image stresses using a generalized Boussinesq solution that is most suited for thin layers. Liu et al (2000) implemented a Boussinesq-Cerruti formalism on a flat free surface in their DD simulations to arrive at the conclusion that image stress incorporation is not very important, especially when considering dislocated epitaxial islands. Recently, Khraishi and Zbib (2002) have presented yet another alternative to the FEM, one that utilizes a true image dislocation segment and a distribution of N prismatic dislocation loops (i.e. ones having a Burgers vector normal to their habit plane) on a planar finite-area surface. The method of this paper is an extension of the last approach and does away with the need to use a reflective image segment, thus reducing the coding logic for the simulations. The current method is also more appropriate for finite-sized free surface, whereas the older method is more appropriate for a mixture of finite-sized and infinitely large surface areas. Before concluding this section, it is worth noting that image stresses and their effects have attracted recent attention in other types of simulations, e.g. atomistic simulations (see Horstemeyer and Baskes (1998) ).
On three-dimensional dislocation dynamics
There are several implementations of three-dimensional DD in the literature by several groups. The code used here was originally built on the work by Zbib et al (1998) . However, it is in a new expanded form since such a code is modular in nature, which allows for added capability with time. The specifics of the code are thus mostly left out from here, with the exception of one important feature, discussed later. The Peach-Koehler (PK) force, F , acting on a dislocation segment i inside the computational cell/box is calculated as follows:
Here, b i is the Burgers vector of segment i, ξ i is the line sense, and M is the total number of dislocation segments in the simulation box (typically a few micrometres in side length). Also, σ a refers to applied stresses, σ particles refers to stresses from any inclusion particles in existence, σ image stresses refers to image stresses emanating from the presence of free surfaces close to the dislocation segment, and σ D j represents the contribution of all other segments (as if they were in an infinite medium, see Hirth and Lothe (1982) , Devincre (1995 ), or Schwarz (1999 ) excluding segment i itself and the two nearest neighbour segments. Other stress terms due to other crystal defects (e.g. cracks, pressurized voids, etc) can also be added here. Note that the summed stresses above represent the total stress state or tensor evaluated, for example, at the mid-point of segment i. The last term in the equation represents the contributions of the closest neighbours of segment i.
Theoretical formulation and numerical implementation of the method
Considering a real or crystal dislocation segment inside the computational box (it does not have to be a cube and in general is a parallelepiped), termed A 1 B 1 for instance, such a segment will feel the effect of any nearby free surface bounding the box (referred to as S). The stress field of such a segment, σ D j , will cause unphysical tractions T on it. The traction-free condition states that T = σ · n = 0 at any surface point P (figure 1), where σ is the total stress state tensor and n is a unit normal vector to the surface. More explicitly, this condition translates to σ xz = σ yz = σ zz = 0 at the surface, given the coordinate system of the figure. Note that xyz in figure 1 is a local coordinate system ascribed to the free surface, and t 1 is the line sense vector of the segment. In the method presented herein, this condition will be enforced discretely on collocation points (see dots in figure 1) whose density is controllable and can cover the whole surface area in the limit. Note that in this paper we use for convenience both bold typeface and an overhead arrow to indicate vectors as well as underbars to indicate second-order tensors.
To annul the tractions, the surface S is meshed into N rectangular or square elements. Each of these elements stands for a generally prismatic rectangular dislocation loop with three unknown, yet-to-be-determined, Burgers vector components ( The idea here is to determine the loops' (which are sources of equilibrated stress) Burgers vectors such that the tractions on the collocation points (the centres of the rectangles in this case) emanating from all the loops and segment A 1 B 1 vanish or mutually annul. Mathematically, the last statement can be written as
where σ j mn is the mn component of the stress due to loop j , and σ
mn is the stress from segment A 1 B 1 . Note that the last equations are evaluated at the centre of any loop i. The choice of generally prismatic dislocation loops as an important solution component is not coincidental as it turns out the only non-vanishing components of loop stress at their own centre in this case are σ xz , σ yz , and σ zz . Note also that the unknowns in each of the loop terms in equation (2) are the Burgers vector components, in accordance with the following equation for each loop:
where
where ∈ is the permutation symbol, G is the shear modulus, and ν is Poisson's ratio (see the PK line or contour integral equation in Hirth and Lothe (1982) ). Also, dl is a differential line segment whose stress is summed up by traversing the generally curved dislocation in the direction of its line sense. The vector R, with magnitude R = |R|, is the difference vector between the position vector of dl (i.e. r = (x , y , z )) and the position vector of a field or material point P (i.e. r = (x, y, z)), i.e. R = r − r (see figure 2 for the geometric interpretation of these integration parameters). Note that in the above equation x 1 = x, x 2 = y, and x 3 = z. The terms K γ αβ are called the 'kernel' terms of the loop's stress field, and they are, after carrying out the integration, functions of the elastic constants and the spatial coordinates (see appendix A for the integration results). For details on the integration process, the reader is referred to other previous work by one of the authors, e.g. Khraishi et al (2000) . Note also that for a dislocation loop with a b z Burgers vector component, the resulting stress field has been given in Khraishi and Zbib (2002) and hence is not reproduced here for brevity. Note that an alternative to using the analytical solution in appendix A here is to sum the contribution of four perimeter dislocation segments (or three in the case of triangular elements), but this would amount to four subroutine calls as opposed to one, not to mention that the solution for one dislocation segment is a more complex statement than what is in appendix A. When solving equations (2), in conjunction with (3), the kernel terms take on a special reduced form since z = z = 0 in this case. The simplified kernel terms are obtained from appendix A and are provided, after some simplification work, in appendix B.
Hence, for each loop i, equations (2) correspond to linear relationships between 3N unknowns, representing the unknown Burgers vector components of the N loops. Applying equations (2) N times at the centres of all loops produces a set of 3N linear algebraic equations that can be conventionally solved.
The resulting coefficient matrix on the left-hand side of (2) contains interacting kernels, and the right-hand vector serves like a forcing vector. By examining the expanded form of the system of equations, it turns out that the coefficient matrix is fully populated and diagonally dominant. The fully populated feature is self-explanatory. The matrix is diagonally dominant because its kernel evaluated at its own centre is much larger in magnitude than when it is evaluated at other loops' centres. As a matter of fact, the kernel or stress decays as 1/r 3 . It is also diagonally dominant because for the same dislocation loop the K γ αβ terms are maximized whenever γ equals α, β, or both. Systems with diagonally dominant coefficients are much faster solved using iterative methods like the Gauss-Seidel method as opposed to traditional Gauss-elimination since in this case convergence is guaranteed. Iteration also allows control over the final solution precision, i.e. the number of significant digits, and thus the solution is less prone to round-off errors.
Once the Burgers vectors for all surface loops have been determined, their stress (and displacement) field can be calculated. The stress field at any material point in the solid then is simply, from linear superposition, the sum of the stress fields due to all these loops (see appendix A again) plus the stress field due to the sub-surface segment. In essence then the stress field due to all the loops is properly termed the 'image stress', although no true mirror image dislocations are being utilized in the current method. The method hence falls under the category of 'generalized image stress analysis' described in Khraishi and Zbib (2002) .
Note that the extent of the area S upon which the boundary condition is enforced is a problem parameter and can be extended almost indefinitely. Finally, note that the choice of dislocation loops to annul any undesirable surface tractions is advantageous. This is because the stress field of such loops decays rapidly. Therefore, the loop distribution on an external surface, representing one of the boundaries of a finite computational cell, will have little effect on the tractions on other nearby surfaces (which will be perpendicularly oriented in the case of a cubic cell). In other words, an assumption of uncoupling in the image stress treatment of the different surfaces would not be reasonable.
Numerical results and discussion
The method above was presented based on one dislocation segment only merely for simplicity of discussion. In the simulation and in the presence of multiple segments, no change has to be made to the method, except that the right-hand side of equations (2) would now represent the summation of stresses coming from all segments.
Once the Burgers vectors of the surface loops are known, one can compute the PK force at the centre of the segment A 1 B 1 , due to the image stresses only, as follows:
The summation in the equation accumulates the effects of all the surface loops. Note that the quantities in equation (5) can be first evaluated with respect to a local or surface-attached coordinate system (as in figure 1 ) and then transformed back to a global reference frame. Now in a finite simulation box, such as the ones typically considered in three-dimensional DD studies, a segment in the box theoretically feels, to a greater or lesser extent, the effect of the six different surfaces bounding the box. To quantify the effect of each of these surfaces on an enclosed segment, using the above-described method, the box surfaces are padded or meshed with square surface loops. Each of the surfaces is numbered for identification, and a local coordinate system is attached to it. Note that our global coordinate system is located at the centre of the box. We calculate the PK force on a segment from each of the surfaces individually and independently and later sum up their contributions. This amounts to solving six linear systems of equations for the local Burgers vectors corresponding to each of the surfaces. All this has been implemented into our DD code. A variety of results using this implementation have been obtained, and some are presented below.
It is appropriate here to mention that, given the limits of elasticity theory, the force on a sub-surface segment can only be calculated to within a core distance or depth (i.e. z-depth = 0.5b-4b) from the surface. This is in harmony with other DD calculations that take this limitation into account and deal with it similarly; otherwise the dislocation segment might overlap the core of a surface dislocation loop, triggering potential numerical problems. This is not a serious limitation by any means because the force acting to pull the segment towards the surface at these small depths is tremendously high and causes rapid vanishing of such segments. Moreover, since the plastic strain calculation from the computational cell is homogenized over the cell's volume, any inaccuracies in quantifying the motion of dislocation segments (e.g. occurring from not capturing image stresses accurately in the immediate vicinity of the free surface) will have practically no appreciable impact on such a calculation.
Several checks on the numerical method have been performed. We have omitted a lengthy discussion of such checks and associated figures and refer the interested reader to the previous work by Khraishi and Zbib (2002) for the type of such checks performed. There is one important result, however, that is most worthy of mentioning out of these checks. As it turns out, to obtain an accurate result below the meshed free surface, the evaluation or field point must lie at a distance away from the surface equal or larger to the average separation distance between the collocation points. This is a consequence of St Venant's principle, which states that agreement between an exact solution and an approximate one, but equipollent, at a boundary will be achieved for field points that lie more than a 'characteristic' distance away from the boundary. The characteristic distance in this case is the average separation distance between collocation points where the boundary condition is enforced (i.e. where the problem is solved). If the field point is closer to the surface than this distance, the solution will no longer be accurate and will exhibit oscillatory behaviour with a wavelength equal to the collocation points' separation. It is worth mentioning here that although the solution might be oscillatory in this case, it still oscillates about a mean (obtained using least-squares curve fitting, for example) equal to the correct solution.
Finally, some results from incorporating the above method of treating traction-free surfaces into the DD code are exhibited. Figure 3 show stress-strain diagrams for cubic specimens 10 000b in size containing a dislocation source close to the cube centre. The specimen was subjected to a tensile straining rate of 10 s −1 . In the figure, a case of no surface loops (i.e. no treatment of image stresses) is compared with cases of surface padding of 10 × 10, 16 × 16, and 20 × 20 loops. In this figure, one can clearly note the surface effect. Here the curves with boundary condition treatment saturated at a lower stress than the curve obtained with no surface loops (i.e. no image stresses). This is understandable since the dislocation source is close to the centre of the computational box, away from its exterior surfaces. As the Frank-Read source starts emitting dislocations and these dislocations approach the free exterior surfaces, these surfaces assist their glide further towards the surface, i.e. the image stresses assist the applied ones in hastening the dislocation glide. This enhanced plastic flow produces a softening effect, as reflected by the stress-strain diagram since less applied stresses are needed to maintain continued plastic flow in the material.
A further comment on figure 3 is in order. Note that the incorporation of image stresses into the DD simulation resulted, for this particular problem set-up, in a difference of about 15% in the flow stress values relative to the base case of no image stresses. This per cent difference will change for different problems. For example, the image stress effect is expected to be higher for problems involving a higher external surface area to volume ratio for the computational domain (as in thin films, for example). This percentage will also change with the exact initial position of the dislocation source with respect to the interior of the computational domain (i.e. whether the source is initially close or far away from the free surfaces). Finally, the differences in the flow stress values in this study were compared for a case of easy glide. In the case of multiple dislocation sources and intense interaction amongst them in the computational cell, it is possible that the effect of image stresses on the difference in flow stress values might be less than in the current case since the yield or flow stress value would then be governed by other factors in addition to image stresses.
Concluding remarks
Several remarks can be made about the current numerical method. First, it is computationally intensive, adding to the O(N 2 ) that dislocation dynamics naturally poses. Employing parallel processing techniques can in principle accelerate the solution significantly.
Second, there are other methods for treating traction-free boundary conditions within the context of dislocation dynamics, as mentioned in section 1. The FEM is popular in this regard. The advantage of this method over the FEM is that here there is no need to specify displacement boundary conditions (which might not be appropriate in some instances) for computing a numerical solution. Another advantage is that in the FEM one has to solve for displacement (as the primary variable) at the FE nodes in a three-dimensional spatial mesh, although the desired result from the solution is a derived one (i.e. stress values). In this context then, this would represent an extra step that is not fully utilized in the final analysis.
Third, it is worth noting that the solution methodology presented in this work is applicable to anisotropic as well as isotropic elasticity problems. However, calculating the stresses of in-the-box dislocation segments using anisotropic elasticity theory is an endeavour far from being trivial, and the dynamic analysis of the problem would pose an even more formidable task.
Fourth, the mesh used in the method does not have to be uniform, with rectangular elements/loops. Indeed, a triangular or any other mesh element geometry is expected to work. The advantage of triangular meshes is that they are commercially available. We have indeed compared the solutions from a uniform rectangular mesh and a random triangular one and found them to agree (figure omitted here for brevity). The method as outlined above would work as is using triangular dislocation loops instead. The only difference here is that the stresses from the loops are obtained either by an analytical solution different from that of appendix A or by summing the stresses from its three perimeter segments. The kernel terms are obtained by assigning a value of unity to one of the Burgers vector components and zero to the rest in the formula for the loop stresses.
Fifth, the method can also be extended in principle to treating non-planar surfaces. The formulation here looks similar to equation (2), although the focus here would be on annulling traction components and not stress components. The other thing to deal with of course is generating a mesh for the three-dimensional surface.
Last, in the cases where the exact behaviour of a dislocation line/curve intersecting a free surface is sought, the current method can be modified by including a local mesh refinement algorithm that would split a large rectangle into, say, four smaller ones in the free surface area closest to the dislocation. either expressed or implied, of the AFOSR, SNL, or the US Government. In addition, the assistance of Peihua Jing in preparing some of the figures is gratefully acknowledged.
Appendix A
The stress components of a rectangular generally prismatic dislocation loop with Burgers vector components b x and b y and of side lengths 2a and 2b along the x-and y-directions, respectively, are (refer to figure 2 for geometry) the following.
For the case of Burgers vector (b x , 0, 0), the stress field is 
For the case of Burgers vector (0, b y , 0), the stress field is 
